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Abstract 

The notion of a generalized Lie bialgebroid (a generalization of the notion of a 
Lie bialgebroid) is introduced in such a way that a Jacobi manifold has associated 
a canonical generalized Lie bialgebroid. As a kind of converse, we prove that a 
Jacobi structure can be defined on the base space of a generalized Lie bialgebroid. 
We also show that it is possible to construct a Lie bialgebroid from a generalized 
Lie bialgebroid and, as a consequence, we deduce a duality theorem. Finally, some 
special classes of generalized Lie bialgebroids are considered: triangular generalized 
Lie bialgebroids and generalized Lie bialgebras. 
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1 Introduction 

Roughly speaking, a Lie algebroid over a manifold M is a vector bundle A over M such 
that its space of sections T{A) admits a Lie algebra structure |, ] and, moreover, there 
exists a bundle map p from A to TM which provides a Lie algebra homomorphism from 
{T{A), [, ]) into the Lie algebra of vector fields X(M) (see ||2^, |2^). Lie algebroids are a 



natural generalization of tangent bundles and real Lie algebras of finite dimension. But, 
there are many other interesting examples, for instance, the cotangent bundle T*M of 
any Poisson manifold M possesses a natural Lie algebroid structure (|jl|, |, ^, |2^). In fact, 
there is a one-to-one correspondence between Lie algebroid structures on a vector bundle 
A and linear Poisson structures on the dual bundle A* (see [|], §]). An important class 
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of Lie algebroids are the so-called Lie bialgebroids. This is a Lie algebroid A such that 
the dual vector bundle A* also carries a Lie algebroid structure which is compatible in 
a certain way with that on A (see fl^, |23|). If M is a Poisson manifold, then the pair 
(TM, T*M) is a Lie bialgebroid. As a kind of converse, it was proved in |^ that the base 
space of a Lie bialgebroid is a Poisson manifold. Apart from the pair (TM, T*M) (M being 
a Poisson manifold), other interesting examples of Lie bialgebroids are Lie bialgebras 
A Lie bialgebra is a Lie bialgebroid such that the base space is a single point and there 
is a one-to-one correspondence between Lie bialgebras and connected simply connected 
Poisson Lie groups (see ^). We remark that a connected simply connected abelian 

Poisson Lie group is isomorphic to the dual space of a real Lie algebra endowed with the 
usual linear Poisson structure (the Lie- Poisson structure). Moreover, Poisson Lie groups 
are closely related with quantum groups (see P). 

As it is well-known, a Jacobi structure on a manifold M is a 2-vector A and a vector field 
i^^ on M such that [A, A] = 2E A A and [E, A] = 0, where [ , ] is the Schouten-Nijenhuis 



bracket pO|. If (M, A, i?) is a Jacobi manifold one can define a bracket of functions, 
the Jacobi bracket, in such a way that the space C°°(M, R) endowed with the Jacobi 
bracket is a local Lie algebra in the sense of Kirillov . Conversely, a local Lie algebra 



structure on C°°(M, M) induces a Jacobi structure on M T^\. Jacobi manifolds are 
natural generalizations of Poisson manifolds. However, very interesting manifolds like 
contact and locally conformal symplectic (l.c.s.) manifolds are also Jacobi and they are 
not Poisson. In fact, a Jacobi manifold admits a generalized foliation whose leaves are 
contact or l.c.s. manifolds (see |Q, |^, 0). If M is an arbitrary manifold, the vector bundle 
TM X R ^ M possesses a natural Lie algebroid structure. Moreover, if M is a Jacobi 
manifold then the 1-jet bundle T*M xW—>-M admits a Lie algebroid structure |jl3| (for 
a Jacobi manifold the vector bundle T*M is not, in general, a Lie algebroid). However, 
the pair (TM x R, T*M x R) is not, in general, a Lie bialgebroid (see [||]). 



On the other hand, in |TT| , we studied Jacobi structures on the dual bundle A* to a vector 
bundle A such that the Jacobi bracket of linear functions is again linear and the Jacobi 
bracket of a linear function and the constant function 1 is a basic function. We proved that 
a Lie algebroid structure on A and a 1-cocycle (f)Q e T{A*) induce a Jacobi structure on A* 
which satisfies the above conditions. Moreover, we showed that this correspondence is a 
bijection. We also consider two interesting examples: i) for an arbitrary manifold M, the 
Lie algebroid A = TM x R and the 1-cocycle 0o = (0, 1) G n\M) x C^{M, R) = T{A*), 
we prove that the resultant linear Jacobi structure on T*MxR is just the canonical contact 
structure and ii) for a Jacobi manifold M, the Lie algebroid A* = T*M x R and the 1- 
cocycle Xq = {-E,0) e X{M) x C°°(M,R) = T{A), we deduce that the corresponding 
linear Jacobi structure (^(7-AfxRxo)' "^(tmxRxq)) '^-^ x R is given by 

d d 

^(TMxR,Xo) = + ^ - + ^ ^ ^'')' ^(TMxR.Xo) = 

where A'^ (resp. A^) is the complete (resp. vertical) lift to TM of A and E'^ (resp. E^) 
is the complete (resp. vertical) hft to TM of E. This Jacobi structure was introduced 
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in [|T0| and it is the Jacobi counterpart to the tangent Poisson structure first used in [26] 
(see also §, §). 

Therefore, for a Jacobi manifold M, it seems reasonable to consider the pair {{A = TM x 
M,0o = (0,1)), = T*M X R,Xo = (-^,0))) instead of the pair (TM x R,T*M x M). 
In fact, we prove, in this paper, that the Lie algebroids TM x M and T*M x M and the 
1-cocycles 0o and Xq satisfy some compatibility conditions. These results suggest us to 
introduce, in a natural way, the definition of a generalized Lie bialgebroid. The aim of 
this paper is to discuss some relations between generalized Lie bialgebroids and Jacobi 
structures. 

The paper is organized as follows. In Section 2, we recall several definitions and results 
about Jacobi manifolds and Lie algebroids which will be used in the sequel. In Section 3, 
we show some facts about the differential calculus on Lie algebroids in the presence of a 
1-cocycle. If {A, |, ],p) is a Lie algebroid over M and, in addition, we have a 1-cocycle 
00 G T{A*) then the usual representation of the Lie algebra T{A) on the space C°°(M, M) 
can be modified and a new representation is obtained. The resultant cohomology operator 
d(j)Q is called the 0o-differential of A and its expression, in terms of the differential d of A, 
is d(i)gLj = du + (j)o A u , for u G T{a''A*). The 0o-differential of A allows us to define, in a 
natural way, the (pQ-Lie derivative by a section X E r(yl), {C^g)x, as the commutator of 
d(j,Q and the contraction by X, that is, (/^^p)^ = d^^ ° ix + ix ° d^j,^. On the other hand, 
imitating the definition of the Schouten bracket of two multilinear first-order differential 
operators on the space of C°° real- valued functions on a manifold N (see 0), we introduce 
the 00-Schouten bracket of a /c-section P and a fc'-section P' as the k + k' — 1-section given 
by 

IP, P%, = IP, P'l + {-l)'^\k - l)P A {i^,P') - ik' - l)(Vo^) A P', 

where | , ] is the usual Schouten bracket of A (for the properties of the 0o-Schouten 
bracket, see Theorem |3.5| ). When (M, A, E) is a Jacobi manifold and we consider the Lie 
algebroids TM x M and T*M x R and the 1-cocycles 0o = (0, 1) and Xq = {-E,0), we 
prove that the above operators satisfy certain compatibility conditions (see Proposition 



3771) . These results suggest us to introduce, in Section 4, the definition of a generalized Lie 
bialgebroid as follows. Suppose that {A, |, ],p) is a Lie algebroid and that 0o ^ T{A*) is 
a 1-cocycle. Assume also that the dual bundle A* is a Lie algebroid and that Xq G T{A) 
is a 1-cocycle. Then, the pair {{A, 0o), (^*, -^o)) is said to be a generalized Lie bialgebroid 
over M if for all X,Y E T{A) and P E T{a''A) 

d*XolX,Yj = lX,d^:XoyjcPo ~ ["^i '^*Xo-^l(/-o5 

{(^*Xq)4,qP + {Xq, P]^o = 0, 

where d^^Xo ^iid C^^Xo are the Xo-differential and the Xo-Lie derivative, respectively, of A*. 
If the 1-cocycles 0o and Xq are null, we recover the notion of a Lie bialgebroid. Moreover, 
if [M,K,E) is a Jacobi manifold, the pair ((TM x M, (0, 1)),(T*M x M, (-E,0))) is a 
generalized Lie bialgebroid. In fact, extending a result of [|3l for Lie bialgebroids, we 
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prove that the base space of a generahzed Lie bialgebroid is a Jacobi manifold (Theorem 
^■6| ). It is well-known that the product of a Jacobi manifold with M, endowed with 
the Poissonization of the Jacobi structure, is a Poisson manifold (see and Section 



711). We show a similar result for generalized Lie bialgebroids. Namely, we prove that if 
((A,0o); (^*)-^o)) is a generalized Lie bialgebroid over M then it is possible to define a 
Lie bialgebroid structure on the dual pair of vector bundles {A x M, A* x M) over M x M, in 
such a way that the induced Poisson structure on M x M is just the Poissonization of the 
Jacobi structure on M (Theorem [4.11|) . Using this result, we deduce that the generalized 
Lie bialgebroids satisfy a duality theorem, that is, if ((A, 0o); (^*;-^o)) is a generalized 
Lie bialgebroid, so is ((A*,Xo), {A,(I)q)). 

In Section 5, we prove that it is possible to obtain a generalized Lie bialgebroid from a Lie 
algebroid (A, | , ], p), a 1-cocycle 0o on it and a bisection P G V{f\^A) satisfying |P, P],^^ = 
(Theorem |5.1|) . This type of generalized Lie bialgebroids are called triangular. Examples 
of triangular generalized Lie bialgebroids are the triangular Lie bialgebroids in the sense 
of and the generalized Lie bialgebroid associated with a Jacobi structure. Finally, 
in Section 6, we study generalized Lie bialgebras, i.e., generalized Lie bialgebroids over 
a single point. Using the results of Section 5, we deduce that generalized Lie bialgebras 
can be obtained from algebraic Jacobi structures on a Lie algebra. This fact allows us to 
give examples of Lie groups whose Lie algebras are generalized Lie bialgebras. The study 
of this type of Lie groups is the subject of a forthcoming paper |T^. 



2 Jacobi manifolds and Lie algebroids 

Let M be a differentiable manifold of dimension n. We will denote by C°°(M, M) the 
algebra of C°° real- valued functions on M, by VL^{M) the space of fc-forms, by V^{M) the 
space of fc-vectors, with > 2, by X(M) the Lie algebra of vector fields, by 5 the usual 
differential on VL*{M) = ®k^^{M) and by [, ] the Schouten-Nijenhuis bracket (|l|, |8[). 



2.1 Jacobi manifolds 



A Jacobi structure on M is a pair (A, E), where A is a 2- vector and is a vector field on 
M satisfying the following properties: 

[A,A] = 2EAA, [E,A] = 0. (2.1) 

The manifold M endowed with a Jacobi structure is called a Jacobi manifold. A bracket 
of functions (the Jacobi bracket) is defined by 

{f,g} = A{6f,6g) + fE{g)-gE{f), 
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for all f,g& C°°{M, M). In fact, the space C°°{M, M) endowed with the Jacobi bracket is a 
local Lie algebra in the sense of Kirillov (see 10), that is, the mapping { , } : C°°{M, R) x 



C°°(M, R) — > C°°(M, M) is R-bilinear, skew-symmetric, satisfies the Jacobi identity and 

support{f, g} C support f fl support g, for f,g& C°°(M, R), 

or, equivalently, { , } is R-bilinear, skew-symmetric, satisfies the Jacobi identity and is 
a first-order differential operator on each of its arguments, with respect to the ordinary 
multiplication of functions, i.e., 

{fif2,g} = fi{f2,g} + f2{fi,g} - fif2{i,g}, for fuf2,g e C°°(M,M). 

Conversely, a structure of local Lie algebra on C°°(M, R) defines a Jacobi structure on M 
(see Ol)- If the vector field E identically vanishes then (M, A) is a Poisson manifold. 
Jacobi and Poisson manifolds were introduced by Lichnerowicz (|]19|, |2^) (see also |^, 

m. 



Remark 2.1 Let (A, i?) be a Jacobi structure on a manifold M and consider on the 
product manifold M x R the 2-vector A given by 

A = e-'(A + |AE), 

where t is the usual coordinate on R. Then, A defines a Poisson structure on M x R (see 
poll). The manifold M x R endowed with the structure A is called the Poissonization of 
the Jacobi manifold {M,A,E). 



2.2 Lie algebroids 

A Lie algebroid A over a manifold M is a vector bundle A over M together with a Lie 
algebra structure on the space T{A) of the global cross sections of A — > M and a bundle 
map p : A TM, called the anchor map, such that if we also denote by p : T{A) x{M) 
the homomorphism of C°°(M, R)-modules induced by the anchor map then: 

(i) p : (T{A), I, ]) — ^ (x(M), [, ]) is a Lie algebra homomorphism and 

(ii) for all / G C°°(M, R) and for all X,Y eT{A), one has 

[X,/F] = /|X,r] + (p(X)(/))F. 



The triple {A, [, ],p) is called a Lie algebroid over M (see p5|). 

A real Lie algebra of finite dimension is a Lie algebroid over a point. Another trivial 
example of a Lie algebroid is the triple (TM, [ , ], Id), where M is a differentiable manifold 
and Id : TM —>■ TM is the identity map. 
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If A is a Lie algebroid, the Lie bracket on the sections of A can be extended to the so- 
called Schouten bracket |, ] on the space T{A*A) = (Bk^{A''A) of multi-sections of A. 
The Schouten bracket [, ] : T{a''A) x T{a'''A) r(A^+'='~M) is characterized by the 
following conditions: |, ] : ^{A) x T{A) ^{A) coincides with the Lie algebroid bracket, 
[X,/] = p(X)(/) for X e T{A) and / G C°°(M,R) and the properties 

IP, P' A P"] = IP, P'j A P" + (-l)'='('=+i)p' A {P, P"l 

{-ir"llP,P%P"] + {-lY^"l{P",PlP'l + {-lf''{{P',P"lP] = 0, 

holds for all P G r(A^A), P' G T{a'''A) and P" G T{A^"A) (see [H). 

Next, we will recall the definition of the Lie algebroid co homology complex with trivial 
coefficients. For this purpose, we recall the definition of the cohomology of a Lie algebra 
A with coefficients in an ^-module (we will follow p8| ). 

Let {A, [ , ]) be a real Lie algebra (not necessarily finite dimensional) and Ai a real vector 
space endowed with a M-bilinear multiplication 

A X M ^ M, {a,m) a ■ m, 

such that 

[ai, a2\- m = ai- (02 ■ m) — a2 ■ (ai ■ m), 

for ai,a2 G A and m & Ai. In other words, we have a representation of ^ on A^. In 
such fc-linear skew-symmetric mapping c'^ : A'' ^ Ai is called an Ai-valued 

k-cochain. These cochains form a real vector space C'^IA; Ai) and the linear operator 
d'' ■.C^{A;M)^ C^+i(^; Ai) given by 

k 

{d''c''){ao,. . . ,ak) = ^(-l)'ai ■ c''(ao, . . . , a^, . . . , afc) + 

i=0 

^(-l)*+-'c^([ai, aj],ao, . . . , ai, . . . , dj, . . . , Uk) 

i<j 

defines a coboundary since d''^^ o d'^ = 0. Hence we have the corresponding cohomology 
spaces 

, _ ker{g^ : C^jA; M) ^ C>^+\A; M)} 

^ ' ' lm{d''-^ : C'-^A; M) C^{A; M)} ' 

This cohomology is called the cohomology of the Lie algebra A with coefficients in Ai, or 
relative to the given representation of A on Ai. 

Now, if {A, |, ],p) is a Lie algebroid, we can define the representation of the Lie algebra 
(r(A),|, ]) on the space C°°(M, M) given by X ■ / = p(X)(/), for X G T{A) and 
/ G C°°(M, M). We will denote by d the cohomology operator of the corresponding 
cohomology complex. Note that the space of the fc-cochains which are C°°(M, R)-linear 
is just r(A^A*), where A* is the dual bundle to A. Moreover, we have that d{r{A''A*)) C 
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r(A^"'"^A*), for all k, and thus one can consider the subcomplex (T{A*A*), d^r{A*A*))- The 
cohomology of this subcomplex is the Lie algebroid cohomology with trivial coefficients 
and the restriction of d to r(A*y4*) is the differential of the Lie algebroid A (see p2| ). 

Using the above definitions, it follows that a 1-cochain cj) G T{A*) is a 1-cocycle if and 
only if 

= p(x)(0(r)) -p(r)(0(x)), for aii x,y e t{A). (2.2) 

To end this section, we will consider two examples of Lie algebroids. 
1.- The Lie algebroid {TM x M, [ , ],7r) 

If M is a differentiable manifold, we will exhibit a natural Lie algebroid structure on the 
vector bundle TM x R. First, we will show some identifications which will be useful in 
the sequel. 

Let y4 ^ M be a vector bundle over M. Then, it is clear that A x M is the total space 
of a vector bundle over M. Moreover, the dual bundle to A x M is A* x R and the 
spaces r(A''(A x R)) and r{A^{A* x R)) can be identified with r{A''A) © r(A'^-M) and 
T{a''A*) © T{a''-^A*) in such a way that 



(P, g)((ai, /i), . . . , K, fr)) =P(ai, . . . , ttr) + ^r), 

'=1 (2.3) 
{a, mXi, gi),..., [Xk, gk))=a{X^, ...,Xk) + Y,{-iy+'g,(3{Xr, . . . , X,, . . . , X^), 

i=l 

for (P,Q) e TiA'-A) ®T{A'-'A), (a,/5) G r(AM*) © r(A'=-M*), (0^,/^) G T{A*) © 
(:7°°(M, R) and {Xj, gj) G r(A) © C"^(M, R), with i G {1, ■ ■ ■ , r} and j G {1, ■ ■ ■ , A;}. 

Under these identifications, the contractions and the exterior products are given by 

i{a,p)iP,Q) = (iaP + i(3Q,{-l)''iaQ), if < r, 

Ha,p)iP,Q) =0, if > r, 

i(P,Q)(a,/?) = {ipa + iQp,{-lYipp), if r < A;, 

Hp,Q)i<^,P) =0, ifr>/c, 

(p, g) A (P', g') = (PAP',gAP' + (-irPAg'), 

(a,/5) A (a',/3') = (a Aa',/5 Aa' + (-l)^a A/3'), 



(2.4) 



for (P',g') G r(A"'A) ©r(A"'-M) and (a',/3') G T{a''' A*) ®T{a'''-^A*). 

Now, suppose that A is the tangent bundle TM. Then, the triple (A x R = TM x 
R, [ , ] , vr) is a Lie algebroid over M, where vr : TM x R ^ TM is the canonical projection 
over the first factor and [ , ] is the bracket given by (see [0, p9|] ) 

[(X, /), (y, ^)] = ([X, Y],Xig) - r (/)), (2.5) 

for {X,f),{Y,g) G X(M) x C^{M,R) = V{TM x R). In this case, the dual bundle 
to TM X R is T*M x R and the spaces r(A' (TM x R)) and r(A'= (T*M x R)) can be 
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identified with V(M) © V'^M) and n''{M) © n''-\M). Under these identifications, 
the differential 6 of the Lie algebroid is 

6{a,(3) = {Sa,-5(3) (2.6) 

and the Schouten bracket [ , ] is given by 

[{P,Q),{P',Q')] = i[P,P'],{-lf^'[P,Q'] - [Q,P']). (2.7) 

2.- The Lie algebroid (T*MxM, |, ]{a,£;),#(a,£)) associated with a Jacobi manifoldiM, A, E) 

If A — > M is a vector bundle over M and P G T{/\^A) is a 2-section of A, we will denote 
by : r(y4*) ^ r(A) the homomorphism of C°°(M, M)-modules given by 

/3(#p(a)) = P(a, /3), for a, /3 e r(A*). (2.8) 

We will also denote by : A* — > A the corresponding bundle map. 

Then, a Jacobi manifold {M,K,E) has an associated Lie algebroid {T*M x R, [, ](a,_b); 
#(A,i?)), where [, ](a,£;),#(a,£;) are defined by 

[(«, /), iP, 9)}{A,E) = {C#^(a)f3-C#^(^)a-6{A{a, (3)) + fCEf3-gCEa-iE{a A /?), 

A(/3,a) + #A(a)(^7)-#A(/?)(/) + /i^^(^?)-^7i5^(/)), ^2 9) 

#(A,i?)(a,/) = #A(«) + /i?, 

for (a, /), (/?, ^) G fi^^^) X C°^iM, M), £ being the Lie derivative operator (see [|l|]). For 
this algebroid, the differential rf* is given by (see [T7[| ) 

d,{P, Q) = {-[A,P] + kEAP + AA Q, [A, Q]~{k-1)E AQ + [E, P]), (2.10) 

for (P, g) G V''{M) © V'^-n^)- 

In the particular case when (M, A) is a Poisson manifold we recover, by projection, the 
Lie algebroid (T*M, |, ]a,#a), where [, ]a is the bracket of 1-forms defined by (see 

|,]a : n\M) X n\M) ^ n\M), [«,/3]a = C#,ia)P - C#,^p)a - 5{A{a,P)). (2.11) 
For this algebroid, the differential is the operator d^ = — [A, ■]. This operator was intro- 



duced by Lichnerowicz in [|T^ to define the Poisson cohomology. 



3 Differential calculus on Lie algebroids in the pre- 
sence of a 1-cocycle 
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3.1 00-difFerential and 0o-Lie derivative 

Let (y4, 1, ],p) be a Lie algebroid over M and 0o £ T{A*) be a 1-cocycle in the Lie 
algebroid cohomology complex with trivial coefficients. Using (|2.2| ), we can define a 
representation p^^ : r(A) x C°°(M, M) C^{M, R) of the Lie algebra (r(A), [ , ]) on the 
space C~(M,M) given by 

P^„(^)/ = pW(/) + 0oW/, (3.1) 

for X G r(74) and / G C°°(M, M). Thus, one can consider the cohomology of the Lie 
algebra (T(A), |, ]) with coefficients in C°°(M, M) and the subcomplex T{A*A*) consisting 
of the cochains which are C°°(M, M)-linear. The cohomology operator : r{A^A*) 
r{A^^^A*) of this subcomplex is called the (pQ- differential of A. We have that 

d^ifgUJ = du + (pQ A u , (3.2) 

where d is the differential of the Lie algebroid {A, |, ],p). As a consequence, 

d^^l = 00, (3.3) 

d^^{uj A iu') = (d^oUj) Au' + {-ifuj A {d^^oj') -(p^Auj Auj\ (3.4) 
for uj G V{A^A*) and uj' G V{A^' A*). 



Remark 3.1 If 0o is a closed 1-form on a manifold M then 0o is a 1-cocycle for the trivial 
Lie algebroid (TM, [ , ], Id) and we can consider the operator d^^. Some results about the 
cohomology defined by d^^ were obtained in P, ff^, These results were used in the 



study of locally conformal Kahler and locally conformal symplectic structures. 



On the other hand, if > and X G r(y4), the (pQ-Lie derivative with respect to X, 
iC^o)x ■■ T{a''A*) ^ T{a''A*), is defined by 

k 

(((£^Jx)^)(Xi,...,X,) = p^„(X)(a;(Xi,...,Xfc))-^^(Xi,...,[X,X,],...,Xfc), (3.5) 

1=1 

for UJ G r{A''A*) and Xi, . . . , G r(A). It follows that 

{C^o)x^^ = 'Cxuj + 4>o{X)u, (3.6) 
C being the Lie derivative of the Lie algebroid {A, [, ],p). Thus, 

{^<j>o)x = d^goix +ix o d^^, (3.7) 



where ix is the usual contraction by X. Using (|3.6| ) and the properties of C (see [^), we 
deduce that 
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Proposition 3.2 Let {A, |, ],p) be a Lie algebroid over M and (pQ G r{A*) be a 1-cocycle. 
IfX e T{A), f e C°°(M,R), u e V{^^A*) andu' e T{A'''A*), we have 

{C^o)x{uJ A uj') = {{C^o)xoo) Au' + uA {{C^,)xoo') - M^p A lo', (3.8) 

{C^^)fxuj = f{C^o)x(^ + df Aix(^- (3.9) 



Now, we will consider the examples of Lie algebroids studied in Section . 
1.- The Lie algebroid {TM x M, [ , ],7r) 

Using it follows that 0o = (0,1) G Q\M) x C°°(M,M) = T{T*M x M) is a 1- 

cocycle. Thus, we have the corresponding representation vr(o,i) : (x(M) x C°°(M, M)) x 
C^{M,R) C~(M,M) of the Lie algebra (x(M) x C°°(M,M),[ , ]) on the space 
C°°{M,M) which, in this case, is given by (see ( ^TTP ) 



7r(^o,i)iiX, f),g) = Xig) + fg, (3.10) 
for (X,/) e X(M) X C°°(M,M) and g E C°°(M,M). From (O), (P;B) and (P|), we 



deduce that the 0o-differential 6^^ = 5(o,i) is given by 

6(o,i){a,P) = iSa,a - Sp), (3.11) 

for (a,/5) e n''{M) ®n''-\M). 

Remark 3.3 i) U (A, E) G r(A^(TM x M)) is a Jacobi structure on M a long computa- 
tion, using (|2.3| ), (|2.4|) , ( p.7|) and (|3.11|) , shows that the Lie algebroid bracket [, ]{a^e) and 
the anchor map i^{A,E) can be written using the homomorphism #(a,£;) : T{T*M x M) ^ 
r(TM X M) and the operators /^(o,i) and ^(o.i) as follows 

[(a, /), (/5, ^)l(A,i?) = (>C(o,i))#(A,is)(",/)(/^' ^) - (^(o,i))#(A,B)(ftg)("' /) 

-5(o,i)((A,^)((a,/),(/3,^7))) 

= %(A,i5)(«,/) ('5(0,1) (/3,fi')) - ^#(A,E)(/3,9)('5(0,l)(tt,/)) 

+5(o,i)((A,^)((«,/),(A^?))), 
Compare equation ( p.ll| ) with the above expression of the Lie algebroid bracket [, ](a,_b)- 



ii) Let (A, I, ],p) be a Lie algebroid over M and 0o G r(y4*) be a 1-cocycle. The homo- 
morphism of C°^(M, ]R)-modules 

(p,0o): r(A) ^ X(M)xC-(M,M) 
X ^ (p(X),</)o(X)), 
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induces a homomorphism between the Lie algebroids {A, |, ],p) and (TM x M, [ , ],vr), 
that is, 

(p,0o)lX,rl = [(p,0o)(X),(p,0o)(F)], 7r((p,0o)W) =p(X), (3.13) 

for X,y G r(A). Moreover, if (p,0o)* : J^H^) x C°°(M,R) ^ r(A*) is the adjoint 
homomorphism of (p, 0o), then (p, 0o)*(0, 1) = 0o- As a consequence, the corresponding 



homomorphism (p,0o)'' : r(A'=A) ^ r(A'=(TM 



X 



V'=(M) © V*^-^(M) and its adjoint 



homomorphism ((p,0o)'')* : ^^''(M) ©f]*=-i(M) ^ r(AM*) satisfy 

((p,0o)'+')*(5(«,/5)) = ci(((p,0o)')*(a,/5)), 
((p,0o)''*"')*(5(o,i)(«,/3))=c?0o(((P,0o)')*(«,/9))- 



In particular, 



{pAonko,i)f) = ipAoTiSfJ) = d^J, for / e C^iM,. 



(3.14) 



2.- r/ie Lze algehroid (T*MxM, |, ](a,£;),#(a,£;)) associated with a Jacobi manifold(M, A, i?) 

Let (M, A, .E) be a Jacobi manifold and (T*M x M, |, ](a,£;), #(a,£;)) the associated Lie 
algebroid (see Section Denote by (i* the differential of (T*M x R, [, ](a,_b), #(a,_b))- 

From (|2l|) and (|2:T0| ), it follows that Xq = {-E, 0) G X(M) x C°^(M, M) ^ r(TM x M) 
is a 1-cocycle. Using ( |2.10| ) and ( |3.2| ), we obtain the following expression for the Xq- 
differential rf^^o = '^*(-£;,o), 



4(-i?,o)(i',Q) = (-[A,P] + (fc-l)^AP + AAQ, 
[A,Q]-{k-2)EAQ+[E,P]), 



(3.15) 



for (P, Q) G V^(M) © V'' ^{M). Note that (i^,(_£;,o) is just the cohomology operator of the 
1-differentiable Chev alley- Eilenherg cohomology complex of M (see & |20|). 



3.2 00-Schouten bracket 

In a skew-symmetric Schouten bracket was defined for two multilinear maps of a 
commutative associative algebra over R with unit as follows. Let V and V be skew- 
symmetric multilinear maps of degree k and fc', respectively, and /i, . . . , fk+k'-i ^ ^- If ^ 
is any subset of {1, 2, . . . , (fc + /c' — 1)}, let A' denote its complement and \A\ the number 
of elements in A. If 1^41 = I and the elements in A are {ii, . . . ,ii} in increasing order, 
let us write for the ordered fc-uple {fi-^, . . . , fi^). Furthermore, we write Ea for the 
sign of the permutation which rearranges the elements of the ordered [k + k' — l)-uple 
(A',A), in the original order. Then, the Schouten bracket of V and V, ["P, 'P'](o i); is the 
skew-symmetric multilinear map of degree k + k' — 1 given by 

[P,P'](o,i)(/i.---/fe+fc'~i)= E eAV{V'{fA),fA') + {-l)"'' E ^bV\VUb)Jb'). 

\A\=k' \B\=k 
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One can prove that if V and V are first-order differential operators on each of its argu- 
ments, so is [P, 'P'](Q ly In particular, if M is a differentiable manifold and ^ = C°°{M, M), 
we know that a fc-linear skew-symmetric first-order differential operator can be identified 
with a pair (P, Q) E V''{M) © V^-^{M) (that is, a A;-section of TM x M ^ M) in such a 
way that 

k 

(P, g)(/i, ...,fk)= P{dh, ...,dfk)+ E(-l)^^V. Q{dfu . . . , 4, • • • , dh), 

i=l 

for fi, ■ ■ ■ , fk £ C°°{M, M). Under the above identification, we have that 

[(P,Q),(P',QO](o,i) = {[P,PUi-ir^\k-l)PAQ'-{k'-l)QAP', 

(-lf+^[P,Q']-[Q,P'] + (-l)''+\k-k')QAQ'), ' 



for (P,Q) e V'=(M) ©V'^-i(M) and (P', Q') G V'='(M) © V^'-^M). If [ , ] is the Schouten 
bracket of the Lie algebroid (TM x M, [, ], vr), an easy computation, using (|2.4|) , ( p.7|) and 
( P.16| ), shows that 

[(P, g), (P', Q')](o,i) = [(^' (^'' ^')] + (-1)'=+^^: - 1)(P, g) A {^io,l)iP', Q')) ,3 

-(fc'-l)(*(o,i)(P,Q))A(P',g')- 



Remark 3.4 Note that (A, ^) G r(A2(TM x M)) defines a Jacobi structure on M if 
and only if [(A,^), {k,E)\^^^^ = (see (|3) and (CT))- 

Using ( |3.15| ) and ( ^.161 ), we have that the Xo-differential (i*Xo = '^*(-£;,o) of the Lie 
algebroid associated with a Jacobi manifold (M, A, i?) is given by 

4(-E,o)(P, Q) = -[(A, E), (P, g)](o (3.18) 
for {P,Q) E V*''(M) © V'^^^(M). Compare equation (p.l8|) with the expression of the 



ere 



differential of the Lie algebroid associated with a Poisson manifold (see Section |2.2D . 
Suggested by (|3.171 ), we prove the following result 

Theorem 3.5 Let [A, [, ],p) be a Lie algebroid and 0o ^ T{A*) a 1-cocycle. Then, th 
exists a unique operation |, ]</,o : T{A^A) x r(A'''y4) r(A''+^'"M) such that 

[X,/]^„=p^„(X)(/), (3.19) 

|x,r]^„ = |x,ri, (3.20) 

|P,P^„ = (-1)'=^'|P',P1^„, (3.21) 
[P, P' A P"]^„ = [P, Pl^„ A P" + (-l)^'(^+i)p' A |P, P'%„ - (v„P) A P' A P", (3.22) 
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for f e C°°(M,M), X,Y e T{A), P e r(AM), P' e T{a'''A) and P" G T{a''"A). This 
operation is given by the general formula 



IP,P%, = lP,P'l + (-1)'=+^(A: - l)PAi^^,P') - {k' - l)(z^„P) A P'. 
Furthermore, it satisfies the graded Jacobi identity 



Proof: We define the operation [, : T{a''A) x r(A'= A) r(A'=+'= "M) by 

IP, P%, = IP, P'j + i-l)'^+\k - l)P A {i^^P') - {k' - l)(v„P) A P'. (3.24) 



Using ( p.24| ) and properties of the Schouten bracket of multi-sections of A, we deduce 
(iH), (Pi, and dH). 



To prove the graded Jacobi identitity, we proceed as follows. If a G T{A*) is a 1-cocycle, 
we have that 

2,|X,P'] = |X,Z,P']-Z,(,(X))P', 

for X G T{A) and P' G T{A^' A). Using this relation and the fact that 



[Xi A . ..Xk,P'\ = Y.{-ir+^X, A . . . AX, A . . . A X, A |X,,P1 

i=l 

it follows that 

^4P,p'] = -p.p,Pl + (-i)^+^iP,*.p'i, 

for P G T{A^A). From ( ^^21 and (13^251) , we deduce that 
On the other hand, we have that 

lP,f}^, = ia,^fP, 
for / G C°°(M,M). From Q^ ), QO^ ) and ( |g:?7|) , we obtain that 

[/, i^', n^oi^o + II/, p'ho. p"ho + (-i)''i^', I/, n<^oi<^o = 

This proves p.23| ) for A; = 0. 

On the other hand if X G '^{A), using ( |3.25|) and the properties of the Schouten bracket 
I , ] , it follows that 

[X, lP',P'%ol,o 



(3.25) 
(3.26) 

(3.27) 

(3.28) 



[[X,P%„,P"],„ + [P',[X,P'%„ 



(3.29) 



We must show that ( |3.23D holds, for k >1. But, this is equivalent to prove that ( |3.23| ) 
holds for P' G T{A^'A), P" G r(A'="v4) and P = PAY", with P G T{a''-'^A) and Y G T{A). 
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We will proceed by induction on k. From (|3.29|) , we deduce that the result is true for 
k = 1. Now, assume that 

(-l)(^+^)^"[ig A F, + {-if'" IIP". Q A Y\^,,P'\^,+ 

(-l)(^+i)'^'[lP',P%„,gAFU=0, 
for Q G r(A^A), with k<k-2. 
Then, we have that 

{-if'"l{Q.P'ho.P"h. + (-i)'''"[[^'",Ql^o,^^o + {'ir'{{P\P"ho.Qh. = 0, 

for Q G r(A^A), with k < k - 1. 

Using this fact, ( p.26|) and (|3.29|) , we conclude that 

(-i)'^'="lip A r, P'U,P"U + (-1)'''"!^', P A p%,+ 

i-ir' HP', p"u,p A Yu = o. 

Finally, if [, f: r(A'=A) x r(A'''A) r(A'=+'''-M) is an operation which satisfies ( ^191) , 
( ^ ), ( gjlD and (Ipl), then it is clear that I, r= [, ]<^o- ME 

The operation [, J^^ is called the (po-Schouten bracket of {A, |, Now, if X G T{A) 

and P G r(A^y4), we can define the (po-Lie derivative of P by X as follows 

iC^,)xiP) = lX,Pj^,. (3.30) 

From Theorem |3.5| , we deduce 

Proposition 3.6 Let {A, |, ],p) be a Lie algebroid and 0o G r(74*) a 1-cocycle. If f & 
C°°(M,M), X G r(A), P G r(AM) and P' G r(A'='A), we have 

{C^,)x{P A P') = (/:0o)x(P) A P' + P A (£^o)x(P') - 0o(X)P A P', (3.31) 
(£^„);x(P) = f{C^,)x{P) -XA i,fP (3.32) 
Using (|3j), ( g:20D (jp^) and (lOll) , we obtain that 

{C^,)x{tu.P) = ip {{C^,)xi^) + I. {{C^o)xP) + {k- l)0o(X)z^P, (3.33) 
for LU G r(AM*), P G r(AM) and X G r(yl). 

Now, suppose that (M, A, i?) is a Jacobi manifold. We consider the 1-jet Lie algebroid 
(T*M X R, I , ](A,£;)5 #(A,£;)) associated with the Jacobi structure (A, E) and the 1-cocycle 
(-E,0) Gr(TMxR) ^ x(M)xC°°(M,R). As we know, the dual bundle TM x M admits 
a Lie algebroid structure ([ , ], vr) and the pair (0, 1) G r(T*MxR) = Q\M)xC°^{M, R) 
is a 1-cocycle (see Sections ^]2| and |3TT| ). 

For the above Lie algebroids and 1-cocycles, we deduce 
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Proposition 3.7 i) If (X, /), (F, g) G T{TM x R) ^ x(M) x C°°(M, M), then 

d^{-E,o)[{XJ),{Y,g)] = [(X,/),4(_^^,o)(>",^)](o,i) - [(^^ c?*(-s,o)(^, /)](o,i)- 
izj // denotes the Lie derivative on the Lie algehroid (T*M x M, [, ](a,£), #(a,£;)); 

iC,^.E,0))iO,l)iP,Q) + iC^O,l))(-E,0)iP,Q) = 0, 

for (P, g) G r(A'=(TM x M)) = V'=(M) © V''-\M). 



Proof: i) It follows from { W^ , and (|3:23| ). 

ii) Using dU), ( gjfSD , (FT6D and (lOOp , we have that 



(£=^(_£;,0))(0,1)(-P, <5) + ('^^(o,i))(-£^,o)(-P, Q) = 

= 4(-E,o)(Q, 0) + 2(0,1) ( - [A, P] + (A; - 1)E A P + A A g, [A, Q] 
-(A; - 2)E A Q + [E, P]) - (\E, P], [E, Q]) = 0. 



Remark 3.8 i) Let (A, | , ], p) be a Lie algebroid and A* the dual bundle to A. Suppose 
that (|, ]*,p*) is a Lie algebroid structure on A*. Then, the pair [A, A*) is said to be a 
Lie bialgebroid if 

d4X,Yj = lX,d,Yj - lY,d,Xl 



for X, y G r(yl), where d^ is the differential of the Lie algebroid {A*, | , ]*, p*) (see [15, p3l). 

Let (M, A) be a Poisson manifold and (T*M, [,]a,#a) the associated Lie algebroid 
(see Section p.2|) . If on TM we consider the trivial Lie algebroid structure, the pair 
{TM,T*M) is a Lie bialgebroid (see 

Hi) If {M,A,E) is a Jacobi manifold and on TM x M (resp. T*M x M) we consider the 
Lie algebroid structure ([ , ],7r) (resp. (|, ](a,_b)) #(a,£;))) then, from Proposition [STT], we 
deduce that the pair (TM x M, T*M x M) is not, in general, a Lie bialgebroid (see [p9| ). 



4 Generalized Lie bialgebroids 

4.1 Generalized Lie bialgebroids and Jacobi structures on the 
base space 

Let A be a vector bundle over M and A* the dual bundle to A. Suppose that (|, ],p) 
(resp. (I, ]*,p*)) is a Lie algebroid structure on A (resp. A*) and that 0o ^ r(y4*) (resp. 
Xo G r(y4)) is a 1-cocycle in the corresponding Lie algebroid cohomology complex with 
trivial coefficients. Then, we will use the following notation: 
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• d (resp. d^) is the differential of {A, |, ],p) (resp. {A*, |, l^,p^)). 

• d^g (resp. (i*Xo) is the 0o-differential (resp. Xo-differential) of A (resp. A*). 

• £ (resp. is the Lie derivative of A (resp. A*). 

• £(^0 (resp. >C*Xo) is the 0o-Lie derivative (resp. Xg-Lie derivative). 

• |,]0o (resp. [,]*Xo) is the 0o-Schouten bracket (resp. Xo-Schouten bracket) on 
(AI,1,P) (resp. (AM,]„p,)). 

• p^, : T{A) X C^{M,R) C°°(M,R) (resp. p,x„ : r(A*) x C7°°(M,M) ^ C°°(M,M)) is 
the representation given by (|0|) . 

• (p, 0o) : r(A) ^ J(M) X C°°(M, M) (resp. (p*, Xq) : T{A*) x(M) x C°°(M, M)) is the 
homomorphism of C~(M, R)-modules given by (|3A^ ) and (p, 0o)* : f^H^) xC°°(^) ^) ^ 
r(A*) (resp. (p*,Xo)* : Q\M) x C°°(M,M) ^ r{A)) is the adjoint operator of (p,0o) 
(resp. (p^,Xo)). 

Definition 4.1 T/ie jjazr ((A, 0o); (^*, -^o)) said to be a generalized Lie bialgebroid 
over M if for all X, F G V{A) and P G r(AM) 

4xo I^, 1^1 = IX, 4xo>^l<^o - d^xA, (4.1) 
(Cxo)<^o^ + (^<^o)xoP = 0. (4.2) 



Using dOI), (g^D, ( p:20|) , ( CT) and (|3l|), we obtain that (|3) holds if and only if 



0o(Xo) = O, p(Xo) = -p.(0o), (4.3) 

(£,)<^„X + |Xo,X] = 0, for X G r(A). (4.4) 
Note that (gj) and (gj) follow applying (|J) to P = / G C°°(M,M) = r(AM) and 

P = X G r(A). 



Examples 4.2 In the particular case when 0o = and Xq = 0, ( ^. 1| ) and ( [4.2| ) are 

equivalent to the condition 

(i4X,F] = [X,4>^l-[>^,4X]. 

Thus, the pair ((A, 0), (A*, 0)) is a generalized Lie bialgebroid if and only if the pair 
(A, A*) is a Lie bialgebroid. 

ii) Let (M, A, E) be a Jacobi manifold. From Proposition p.7| , we deduce that (^(TM x 
M, (0, 1)),(T*M X M, (-P, 0))) is a generalized Lie bialgebroid. 

Next, we will show that if {{A, (po), [A*, Xq)) is a generalized Lie bialgebroid over M, then 
M carries an induced Jacobi structure. First, we will prove some results. 
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Proposition 4.3 Let {{A,(j)Q),{A*,XQ)) be a generalized Lie bialgebroid. Then, 

iC,XoKfX=lX,d.xJl (4.5) 
forXeT{A) and f eC°°{M,R). 

Proof: Using ( p.4|) and the derivation law on Lie algebroids, we obtain that 



d,Xo[lXJYj} = (rf.x„/)AlX,r] + /4xo[X,F]-/XoA[X,F] 

+4xo(p(X)(/)) AY + p{X){f)d,XoY - p{X){f)Xo A Y, 

for X,Y e T{A) and / G C°°{M, R). 

On the other hand, from (p.4j) , (|3.31|) , (|3.32| ) and ( [4.1|) , we deduce that 



4xo([^,/>^l) = (/:<^o)x(4xo(m)-(/:<^o)/y(^*xoW) 

= {{C^Jxid^xJ)) AY + (d^xj) A {C^o)xY - MX){d,xJ) A F 
+f{C^,;)x{d,x,Y)+p{X)U)d^x,Y 
-f[{C^,)xXo AY + XoA {C^,)xY - MX)Xo A y) 
-p(X)(/)Xo AY- f{C^Md*XoX) - taf{d,.XoX) A Y. 



Thus, using again (|4.1|), it follows that 



+fMX)Xo-idf{d,XoX))AY, 



and so 

d*XoipiX){f)) - (/:<^Jx4xo/ + 0o(^)4xo/ + /(>C0o)-Y^o -/0o(^)^o + V(^*^o^) = 0> 
which, by Q, Q and implies (^). \qed\ 

Corollary 4.4 Under the same hypothesis as in Proposition [^.Sj , we have 

ld^Xo9,d^Xof} = d^Xo{d<pof ■ d*Xo9), (4-6) 

for all f,ge C°°(M,M). 

Proof: If 5(0,1) is the operator defined by (|XTT| ) then, from (^, (^), Q, ( PTT^ , (P?!^ ) 



and Proposition 4.3, we have 



ld*Xo9,d^Xof] = {^*Xo)d^^f{d*Xo9) = d*Xo{{^*Xo)d^j{9)) 

= d^Xo{p*Xo{dc^of)i9)) = d*Xo{ko,i)9 ■ {p*, Xo){d^J)^ 
= d^Xo{d4,of ■ (p*, Xo)* (5(0,1)5') j = d^Xo{d^gf ■ d^Xo9)- 



\QED\ 
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Remark 4.5 Using (|3Tl| ), j ^J^ ) and (|]TD, it follows that 



d^of ■ d*Xo9 = Vi)/ ■ ((P' <^o) o (p*, ^o)*j {^0,1)9) 

= 71(0,1) (((p,0o) o (p*,Xo)*)(5(o,l)^),/ 

where 7r(o,i) : (X(M) x C°°{M,R)) x C°°(M,R) ^ C°°(M,R) is the representation given 
by CT -' 



Now, we will prove the main result of this section. 

Theorem 4.6 Lei {{A, (p^) , {A* , Xq)) be a generalized Lie bialgebroid. Then, the bracket 
of functions {,} : C°°{M,R) x C°°{M,R) C°°(M,R) given by 

{f,g} := -d^J ■ d,Xo9, for f,ge C°°{M,R), 

defines a Jacobi structure on M. 

Proof: First of all, we need to prove that { , } is skew- symmetric. For that purpose, we 
first show that 



5(0,1)/ ■ (((P,0o) o (p.,Xo)*)(0,l)) = -5(0,1)1 ■ {{{pAo) o (p.,Xo)*)((5/,0)), (4.7) 
for / G C°°(M,M). We have that (see ( CT ), ( CT) and fj)) 

5(0,1)/- (((p,0o)o(p.,Xo)*)(O,l)) = (5/,/)- (p(Xo),0) =p(Xo)(/) = -p*(0o)(/). 
On the other hand, from (|3.12| ) and ( [4. 3D , we deduce that 

-5(0,1)1 ■ (((p,0o) o (p„Xo)*)(5/,0)) = -00 • (p*,Xo)*(5/,0)) = -p*(0o)(/). 
Thus, we deduce ( [4.7|) . Using (|3.11|) , (^l7| ) and Remark |4l5|, we obtain that 

{/,/} = -(((p,0o)o(p*,Xo)*)(5/,O))-(5/,O). (4.8) 
Now, we will prove that 

(((p,0o)o(p„Xo)*)(5/,O))-(5/,O) = O. 



From (|3]|), (|]8]), Corollary and Remark ^ it follows that 4xo (((p, 0o) o (p*, Xo)*) 
(5/2,0) -(5/2,0)) =0. Then, 



(4.9) 



= (((p,0o)o(p.,Xo)*)(5/,O)-(5/,O))(4xo/'-/'Xo) 
= (((P,0o) o (p*,Xo)*)(5/,0) ■ (5/,0))rfj2 
= 2/(((p,0o) o (p.,Xo)*)(5/,0) ■ (5/,0))4/. 
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On the other hand, in general, d^g = (p*, Xo)*(5(?, 0). Thus, using ([4 .91) , 
/(((P,0o) o (p„Xo)*)(5/,0) ■ (5/,0))' = 0, for all /. 

This implies that 

(((p,0o)o(p„Xo)*)(5/,O))-(5/,O) = O, 

as we wanted to prove. Therefore, we conclude that {/, /} = 0, for all / G C°°(M, R), 
that is, { , } is skew-symmetric. 

From ( |3.^j| ) and p.4| ), we deduce that { , } is a first-order differential operator on each of 
its arguments. 

Now, let us prove the Jacobi identity. Using (|4.6| ), we have 

d^o^ ■ ld^Xo9,d^Xof] = -d<t,oh ■ 4xo({/,fi'})- 
Thus, from ( |3.13| ) and ( ^.141 ), we deduce that 

'^(0,1)^ ■ [(P></'o)((p*,^o)*(5(o,i)^)), (P,0o)((p*,^o)*(5(o,i)/))] = -d<^oh-d*xo{{f,9}), 
or equivalently 

^(o,i)([((p,0o)o(p*,^o)*)('^(o,i)(^)), ((p,0o)o(p*,^o)*)('^(o,i)(/))],/i) = -d^Qh-d^Xo{{f,9})- 

Consequently, since vr(o,i) is a representation of the Lie algebra (x(M) x C°°(M, M), [ , ]) 
on the space C°°(M, R), this implies that (see Remark |4.5|) 



{/, {9,h}} + {g,{h,f}} + {h,{f,g}} = 0. 

\qed\ 

From (|3.2| ) and ([4.3|) , we have that 

{f,9} = -df ■ d^g + fp{Xo)ig) - gp{X,){f), (4.10) 

for f,g ^ C°^(M, M). Since the differential ci is a derivation with respect to the ordinary 
multiplication of functions we have that the map {f,g) ^— > df ■ d^,g, for f,g & C°°(M, M), 
is also a derivation on each of its arguments. Thus, we can define the 2- vector A G V^(M) 
characterized by the relation 

A(5/, Sg) = -df ■ d,g = dg ■ dj, (4.11) 

for f,ge C°°(M,M), and the vector field E G X(M) by 

E = p(Xo) = -p.(0o). (4.12) 

From ( |4.1CI| ), we obtain that 

{f,g} = A{6f,6g) + fE{g)-gE{f), 
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for f,g E C°°{M,M). Therefore, the pair {A,E) is the Jacobi structure induced by the 
Jacobi bracket { , }. 

If {A, A*) is a Lie bialgebroid, then the pair {{A, 0), {A*, 0)) is a generahzed Lie bialgebroid 
and, by Theorem [4.6| , a Jacobi structure (A, E) can be defined on the base space M. Since 
00 = -^0 = 0, we deduce that E = 0, that is, the Jacobi structure is Poisson, which imphes 
a well known result (see [^): given a Lie bialgebroid {A, A*) over M, the base space M 
carries an induced Poisson structure. 



4.2 Lie bialgebroids and generalized Lie bialgebroids 

Along this section we will use the same notation as in the precedent one. 

4.2.1 Time-dependent sections of a Lie algebroid 

Let {A, [, be a Lie algebroid over M. Then, the space of sections T{A) of the vector 
bundle A = Ax'R—>-MxM. can be identified with the set of time- dependent sections of 
A M. Under this identification, the Lie bracket | , ] induces, in a natural way, a Lie 
bracket on T{A) which is also denoted by [ , ]. In fact, if X,Y E T{A) then |X, Y] is the 
time-dependent section of A ^ M given by 

for all (x, t) G M X M, where Xt and Yt are the sections of A — > M defined by 

Xt{y) = Xiy,t), Yt{y) = Y{y,t), 

for all y G M. The anchor map p : A TM induces a bundle map from A into 
TM C T(M X M) = TM © TR which we also denote by p. A direct computation shows 
that the triple {A, | , ], p) is a Lie algebroid over M x M. 

Now, denote by d the differentials of the Lie algebroids {A, [, ],p) and {A, [, ],p). Then, 
Hue r(A'=i*) and e M x R, du e T{A^+^A*) and 

{dLj){x,t) = {dil!t){x). 

We also denote by | , ] the Schouten bracket of the Lie algebroid {A, | , ], p). 

On the other hand, for P G r(A'^A) or G r{A^A*), one can define its derivative with 
respect to the time 

e TiA'A), — G r(A^i*). 

Thus, we have two M-linear operators of degree zero 

— : r(A'^i) ^ r(A'=i), — : r(A'=i*) ^ r(A^i*), 
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which have the following properties 

|(P.e)^f AQ + PAf, f., + ..f. ,,13) 

+ (4.14) 

(4.15) 

for P E T{A^A), Q e r(A^i), Co E r(A'^i*) and jl E r(A''i*). 



Next, suppose that 0o ^ T{A*) is a 1-cocycle. In |TT| we proved that the vector bun- 
dle A —y M X admits a Lie algebroid structure (|, Y'^°,p'^°) where, under the above 
identifications, |, }'''^° and p"^" are defined by 



[X, rr^o = Yj + MX){§ -Y)- MY){§ - X)) , 

p<^o(X)=e-*(p(X) + 0oW|) 
for all X,Y E T{A). If rf"^" is the differential of the Lie algebroid {A, [, f '^o, p'^o), we have 



(4.16) 



d't>^f = e-\df + ^(^o), (4.17) 

= e-* iyd^J + 00 A ^ j , (4.18) 
for / E C^{M X M, M) and G r(i*) = T{A* x M). 

In a similar way, we can define the bracket [, on T{A) and the map p*^" : r(y4) — > 
X(M X M) by 

lx,rr<^o = |x,ri + 0o(x)f -0o(^^)f , 



p*«(X)=p(X) + 0o(^)f 



(4.19) 

' at' 

for all X^Y E ^{A). Moreover, the bundle map : A A^{v^t) ^ (e*f,t), is an 
isomorphism of vector bundles and 

p-^o o ^ = p<^o, ^[x, rf*" = i^x, ^Ff^o. 

Thus, 

Proposition 4.7 Let (A, [, ],p) he a Lie algebroid and 0o ^ r(y4*) a 1-cocycle. Then: 
i) The triples {A, [, p*o) anc? (A, [, ]"*o,p'^o) are Lze algehroids over M x M. 
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a) The map : A ^ A defines an isomorphism between the Lie algebroids {A, |, ] "t"^, 
p-^o) and (i, I, f'^o,p<^o). 

If d'^o is the differential of tlie algebroid {A, [, p'^°) , we have 

d<f>-f = df + ^ct^o, (4.20) 

rf^o0 = ci0 + 0oA^, (4.21) 
for / e C°°(M X M,M) and G r(i*) = V{A* x M). Moreover, 

P + - ^ A z,„P, (4.22) 

for X G r(i) and P e T{a'^A). 

Now, let A — * M be a vector bundle over a manifold M and suppose that [, ] : r(A) x 
r(A) — >■ r(y4) is a bracket on the space T{A), that p : T{A) — >■ je(M) is a homomorphism 
of C°°(M, M)-modules and that 0o is a section of the dual bundle A*. 

We can define the bracket |, f"^" : T{A) x T{A) T{A) on the space r(y4) and the 
homomorphism of C°°(M x M, ]R)-modules p"^" : r(i) -> X(M x M) given by ( gl9| ). 

Proposition 4.8 // i/ie triple {A, | , ]"'^°, p'^^") is a Lie algebroid on M xM. then the triple 
{A, I, ],p) is a Lie algebroid on M and the section (po is a 1-cocycle. 



Proof: From ( ^lOD , it follows that lX,Y]-^° = [X,y], for X,Y eT{A). Thus, we have 



that the bracket |, ] defines a Lie algebra structure on T{A). 

On the other hand, since p*" [X, y]"'^" = [p*'(X), p'^o(r)], we deduce that (see (|4?Tg| )) 

p|x,ri = [p(x),p(r)], 0oix,ri = p(x)(</)o(n)-p(n(0o(x)). 



Finally, if / G C°°{M, R) then, using {^^J^ and the fact that [X, fYj-'t"^ = /[X, Y}-'^" + 
(p<^o(X)(/))r, we obtain that 

[X,/rl = /lX,F] + (p(X)(/))F. 

\qed\ 



From Propositions 4.7 and 4.8, we conclude 



Proposition 4.9 Let A ^ M be a vector bundle over a manifold M. Suppose that 
I, ] : T{A) X T{A) T{A) is a bracket on the space T{A), that p : T{A) x(M) is 
a homomorphism of C'^{M,R) -modules and that (po is a section of the dual bundle A*. 
If I, : r(i) X r{A) r(i) and p'^° : r(i) ^ X(M x M) (respectively, [, : 
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T{A) X T{A) T{A) and : T{A) x{M xM.)) are the bracket on T{A) and the 
homomorphism of C°°{M x M.,M.) -modules given by ^.K^ (respectively, l \4-l^ ) then the 
following conditions are equivalent: 

i) The triple {A, |, ],p) is a Lie algebroid and 0o is a 1-cocycle. 
a) The triple {A, |, ]"'^o,p'^°) is a Lie algebroid. 
Hi) The triple {A, |, J'^'^"-'' , p'^°) is a Lie algebroid. 

4.2.2 Lie bialgebroids and generalized Lie bialgebroids 

First of all, we will prove a general result which will be useful in the sequel. 

Suppose that (A, [, ]i,Pi), = 1,2, are two Lie algebroids over M such that the dual 
bundles A^ and A2 are Lie algebroids with Lie algebroid structures (|,]i*,pi*) and 
(I, h*,P2*), respectively. 

Proposition 4.10 Let $ : — > be a Lie algebroid isomorphism such that its adjoint 
homomorphism $* : ^ Al is also a Lie algebroid isomorphism. Then, if {Ai,Al) is a 
Lie bialgebroid, so is (^2,^2). 

Proof: Denote also by $ : A'^Ai A''A2 the isomorphism between the vector bundles 
aMi M and A'^Ag M induced by $ : ^ A2. If $ : r(AMi) T{A^A2) is the 
corresponding isomorphism of C°°(M, ]R)-modules, we have that 

$(P)(V^i,...,^fc)=P($*V^i,...,«l>*V^fc), 

A . . . A Xfe) = <l>(Xi) A ... A <l>(Xfc), 

for P e r(A'=Ai), . . . , G T{A*) and Xi, . . . , Xfc e T{Ai). Thus, using that $ and 
$* are Lie algebroid isomorphisms, it follows that 

rf2*($(Xi)) = $[Xi,Pi]i = |$(Xi),<l>(Pi)]2, (4.23) 

for Xi G r(yli) and Pi G r(A''yli), where di^ (resp. c/2*) is the differential of (A*, |, 
pu) (resp. (A^, I, l2*,P2*))- 

Now, if X2, Y2 G T{A2) then there exist Xi, Yi G r(Ai) such that Yi = $(Xi), for i = 1, 2. 
Therefore, from (|4.23| ) and since (Ai,^!) is a Lie bialgebroid, we obtain that 

c^24^2,>2l2 = (rf2*o$)[Xi,yi]i = <i>(|Xi,rfi,ri]i-|ri,rfuXi]i) 

= 1X2,^2*^212- 1^2, rf2*X2]2. 

Consequently, {A2,A2) is a Lie bialgebroid. \qed\ 

Next, assume that (M, A, E) is a Jacobi manifold. Consider on A = TM x M and on 
A* = T*M X M the Lie algebroid structures ([ , ],7r) and (|, ](a,£;), #(a,£;)), respectively. 
Then, the pair ((A,0o = (0, 1)), (A*,Xo = (—£',0))) is a generalized Lie bialgebroid. 
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On the other hand, the map ^ : A = A x R ^ T{M x R) defined by 

d 

Ot \to 

for xq e M, G TxqM and Aq, to ^ induces an isomorphism between the vector 
bundles A x M ^ M x M and T(M x M) ^ M x M. Thus, i = A x M can be identified 
with T(M X M) and, under this identification, the Lie algebroid structure ([ , Y'^°,ti'^°) 
is just the trivial Lie algebroid structure on T(M x M) (see ( |4.19| )). Note that if (X, /) 
is a time-dependent section of the vector bundle TM x R — * M then ^^^f ^ is the time- 
dependent section given by ^). 

Now, if a is a time-dependent 1-form on M, X is a time-dependent vector field and 
(xo,to) e M X M then, using the isomorphism T(;^_^^)(M x M) ^ T*^M © T;^R, it follows 
that 

dX 

{^x(^){xoA->) = i^Xt,^to){xo) + a(^,,to)(— jdtito, (4.24) 

" ^ Ol \{xo,to)' 

where C (resp. C) is the Lie derivative on M x M (resp. M). 

Moreover, Ca_a is a time-dependent 1-form on M and if / G C°°{M x M, M), then (a, /) 

dt 

is a time-dependent section of the vector bundle T*M x M — M and 

A long computation, using (|]9D, (|2.11|) , ([4.24|) and ( [4.25|) , shows that 

[(«J), (/3, = |$*(5 + / rft), <l>*(/3 + ^ f/t)] = |« + /rft, ;3 + ^ rftk 

#JZi)''"(a,/) = f^E)'''{^*{&+~fdt)) = 4^j^{& + fdt), 

for time-dependent 1-forms on M and f,gE C°°{M x M, M), where A is the Pois- 
sonization of the Jacobi structure (A, and ^* : T*{M x R) ^ A* = A* x R is the 
adjoint isomorphism of $. 

Therefore, A* = A* xM can be identified with T* {M xR) and, under this identification, the 

Lie algebroid structure ([, ](ae)' '^") is just the Lie algebroid structure ([, ]a! #a) 
on T*(MxM). 

Consequently, using Proposition |4.10| , we deduce that, for this particular case, the pair 
(A, A*) is a Lie bialgebroid, when we consider on A and A* the Lie algebroid structures 
([ , ]-'^°,7r'^°) and ([, ] J"^^, #(^^^) ^o)^ respectively. 

In this section, we generalize the above result for an arbitrary generalized Lie bialgebroid. 
In fact, we prove 

Theorem 4.11 Let ((A, 0o), (A*, Xq)) he a generalized Lie bialgebroid and {A,E) the 
induced Jacobi structure over M. Consider on A (resp. A*) the Lie algebroid structure 
([,r'^o,p'^o) (resp. (|,]f»,p;^»);- Then: 
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i) The pair {A, A*) is a Lie bialgebroid over M x M. 



a) If A is the induced Poisson structure on M x M then A is the Poissonization of the 
Jacobi structure {A,E). 

Proof: i) Using ( ^.18| ) and ( |4.19| ), we obtain that 



e-^(d..XolX,Y]+d.xMX)§)-d,xMo{Y)§) 



+Xo A rl + Xo A |(0o(X)f ) - Xo A |(0o(F)f )) • 

Moreover, applying (P^), ( P?TB| ), (^J^ and (|TT3|), it follows that 

e-*(4xolX, r] + Xo A If, Yj + Xo A [X, f 1 + 0o(X)|(4xo>') 



-My)Ud*XoX) - 0o(X)Xo A f + 0o(V')Xo A f 
+0o(X)Xo A g - 0o(>')Xo A + |(0o(X))Xo A f 



-|(0o(V'))Xo A f + 4xo(0o(X)) A f - 4xo(0o(>^)) A f j. 
On the other hand, from (U), (^l3|) , (|4J8| ) and ( ^1221) , we have 



e-*(|X,4xol'l0o + I^>^o A f + 0o(X)|(4xo^) 



+0o(X)Xo A - f A *^o(^*Xo>^) + 0o(f )f A Xo). 



Therefore, using (^^) and (|]2|) and the fact that f^{(j)o{Z)) = 0o(#), for Z e T{A), 



IxX'^'Y]-^' = e-*(|X,d,x„rl0„ + lX,Xol Af +XoA|X,f ]-0o(X)XoA 

+0o(X)|(4xo>^) + 0o(X)Xo A 1^ - § A t<p,{d*XoY) 



dY 

dt 



Finally, from (|4.1| ) and (^^) , we deduce that 



-00 



Using ( |4.3| ), (|4.17| ), ([4.20|) and Theorem we obtain that the induced Poisson struc- 
ture A on M X M is given by 



A{6f,6~g)=Z''''f-d't"^~g = e-' 



{d~g-dJ+^piXo){~g)-^piXo)if) 



for f,g e C^{M x 

On the other hand, using (^4.11 ) and ( [4.12 ), we prove that 



A + I- A E){frg) = e-\d~g ■ dj +%p{X,){g) - ^p(Xo)(/)), 



dt 



for f,ge C^{M x 



Therefore, A is the Poissonization of {A,E). 



\QED\ 



Now, we discuss a converse of Theorem 4.11 
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Theorem 4.12 Let {A, |, ],p) be a Lie algehroid and 0o ^ T{A*) a 1-cocycle. Suppose 
that ([, ]*,p*) is a Lie algehroid structure on A* and that Xq G r(A) is a 1-cocycle. 
Consider on A = A x M. (resp. A* = A* x the Lie algehroid structure (|, l"*^", p'^") 
(resp. ,'pl^°) ) . If {A, A*) is a Lie hialgehroid then the pair ((A, 0o), (A*, Xq)) is a 

generalized Lie hialgehroid. 



Proof: Let { , } be the induced Poisson bracket on M x R. Then, from ([4.17|) , ( [4.20|) and 
Theorem 14.61, it follows that 



{/,^r= e'\d~g ■ dJ+^piXoM + ^P.(0o)(/) + ^%MXo)j, 

for f,gE C°°{M x M, M). Since { , }~is skew-symmetric, we have that {t,t}~ = which 
implies that 0o(-^o) =0. As a consequence, 

{1,9}-= e~\d~g ■ dJ+^piXoM + ^p*(0o)(/)). 

In particular, if / G C°°(M, R) then, using that {f,t}~ = —{t,f}~ we conclude that 
p(Xo) = -p*(0o)- 

Now, ifX,Ye T{A), from (|4l^ ), and (^^221) , we obtain that 



Z'''lX,Yr^» = e-'d,XolX,Yl 

[X, ^''Vr^o - {Y, d:''°Xr^o = p<^o(X)(e-*)4xo^ + e-1X, d^XoYj-'^' 

~p^"iY){e-')d,XoX - e-*|r, 4xo^r^° 
= e-\lX,d.,XoYho-lY,d.XoXU^ 

Thus, since rf^^" |X, F]--^" = |X, ^^V]--^" - [F, 4^"X]-<^«, we deduce 



Finally, if X G r(A) then, using the computations in the proof of Theorem [4.11| and the 
fact that 

d:''"ix,e*yr^° = |x,d:''"(e*F)r^° - |e*y,4''"xr<^«, 

for all Y G 1(^4), we prove that (|Xo,X] + {C^Xo)<t>oX) AY = 0. But this implies that 

[Xo,xi + (/:,xo)0o^ = o. 

\qed\ 



In [23| it was proved that if the pair {A, A*) is a Lie bialgebroid then the pair {A*, A) is 



also a Lie bialgebroid. Using this fact. Propositions |4.7| and [4.10| and Theorems [4.11| and 



4.12| , we conclude that a similar result holds for generalized Lie bialgebroids. 



Theorem 4.13 // {{A, (po) , (A* , Xq)) is a generalized Lie hialgehroid, so is ((A*,Xq), 

(A0o)). 
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5 Triangular generalized Lie bialgebroids 



Let {A, I, be a Lie algebroid over M and 0o ^ T{A*) a 1-cocycle. Moreover, let 
P G T^A^A) be a bisection satisfying 

We shall discuss what happens on the dual bundle A* — > M. Remark p.3| i) and Remark 
|3^ suggest us to introduce the bracket [, ]*p on T{A*) defined by 

for (f),ij e T{A*). 

Theorem 5.1 Lei {A, |, ],p) a i^«e algebroid over M, (pQ G r(74*) a 1-cocycle and P G 
T{/\^A) a bisection of A ^ M satisfying [P, P],^,, = 0. Then: 



i) The dual bundle A* ^ M together with the bracket defined in (^. j| j and the bundle 
map p^p = p o : A* —>■ TM is a Lie algebroid. 

a) Xq = — #p(0o) £ r(y4) is a 1-cocycle. 

Hi) The pair ((A, 0o), {A*,Xq)) is a generalized Lie bialgebroid. 

Proof: If we consider the Lie algebroid structure (|, ] "^°,p'^") ony4 = y4x]R— >Mx]R 
and the bisection P = e~*P G T{A^A) then, from (|]T9]), (|O0| ) and Theorem |]5|, it 



follows that |P, P]"'^'^ = 0. Thus, using the results of Mackenzie and Xu |2^, we deduce 
that the vector bundle A* ^ M x M. admits a Lie algebroid structure (|, }~,p), where 
p : A* — > T(M X M) is the bundle map given by p = p'^° o #p and [ , ]~is the bracket on 
r(i*) defined by 



for 0,^ G r(i*). 

Now, we will prove that 



.P + 0(Xo)(^ - ^) - V^(Xo)(^ - 0)) = 10, (5.2) 



dt ^' "^^at 

From (|3.2| ), (|5.1j ) and the definition of Xq, we have that 



'i V^J*P 



+(*#pW'^o)§^-(^#^(v;)0o)f)- 
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Using the fact that 
d 



dt 

we obtain that, 



7 dtp. 



dijj 



+ </'o A f ) - + 00 A f ) + rf(P(0, ^)) 



-(p(0,v^))0o + i(m^))0o; 

Thus, from (CT) and ( ^1211) , we deduce (U). 

On the other hand, using ([4.16|) and ( |4.19| ), it follows that 

p(0) = e-*(p,p(0) +Xo(0)^) = p;?^°(0) 



for G T{A*). Therefore, from Proposition [4.9| , we prove and 
Now, if we consider on A (resp. A*) the Lie algebroid structure ([ , J""^", p*^"^ 



f)^^°)) then the pair (A, A*) is a Lie bialgebroid (see p3 



(resp. ([,rf^. 
Consequently, using Theorem 
4.12| , we conclude that ((A, 0o)) (^*;-^o)) is a generalized Lie bialgebroid. \qed\ 

Let (y4, 1, ],p) be a Lie algebroid and (po G T{A*) a 1-cocycle. Suppose that ([, ]*,p*) 
is a Lie algebroid structure on A* and that Xq G r(74) is a 1-cocycle. Moreover, assume 
that {{A, 0o), (v4*, Xq)) is a generalized Lie bialgebroid. Then, the pair {{A, (po), {A*,Xo)) 
is said to be a triangular generalized Lie bialgebroid if there exists P G r(A^A) such that 
[P,Pl<^„ = Oand 

L 1* = L 1*P5 p* = p*p, Xo = -#p(0o). 

Note that a triangular generalized Lie bialgebroid {{A,(f)Q), {A*,Xq)) such that 0o = is 
just a triangular Lie bialgebroid (see [^). On the other hand, if (M, A, i?) is a Jacobi man- 
ifold then, using Remarks ^ and [X^, we deduce that the pair ((TMxM, (0, 1)), (T*MxM, 
(— P,0))) is a triangular generalized Lie bialgebroid. 



6 Generalized Lie bialgebras 

In this Section, we will study generalized Lie bialgebroids over a point. 

Definition 6.1 A generalized Lie bialgebra is a generalized Lie bialgebroid over a point, 
that is, a pair {{q, (po) , {g* , Xq)) , where (g, [,]) is a real Lie algebra of finite dimension 
such that the dual space g* is also a Lie algebra with Lie bracket [, Xq G g and (po G g* 
are 1-cocycles on g* and g, respectively, and 

d,Xo[X,Y] = [X,d,XoYU - [Y,d,xA, (6.1) 

MXo) = 0, (6.2) 

V„(4X) + [Xo,X] =0, (6.3) 
for all X,Y E g, d^ being the differential on (g*, [ , ]=„). 
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Remark 6.2 In the particular case when 0o = and Xq = 0, we recover the concept of 
a Lie bialgebra, that is, a dual pair (g, g*) of Lie algebras such that 

d,[X,Y] = [X,d,Y] - [Y,d,X], 

for X,r G (see [i). 

Next, we give different methods to obtain generalized Lie bialgebras. 

Proposition 6.3 Let (f), [, ],,) be a Lie algebra, r G A^t) and Xq G i) such that 

[r,r]^- 2XoAr = 0, [Xo,r]^ = 0. (6.4) 
r/ien, z/g = [) X R, the pair ((g, (0, 1)), (g*, (— Xq, 0))) zs a generalized Lie bialgebra. 

Proof: Consider on g the Lie bracket [ , ] given by 

[(x,A),(y,/i)] = ([x,r]„o), (6.5) 

for (X, A), (Y, fi) G g. One easily follows that 0o = (0, 1) G fj* x R = g* is a 1-cocycle. On 
the other hand, the space A^g = A^(() x M) can be identified with the product A^t) x [) (see 
Section |2]^) and, using (|2.4| ), (|6.4| ), ( |6^) and Theorem ^]5|, we have that P = (r, Xq) G 



A^f) X f) = A^g satisfies 

Therefore, from Theorem |5]l|, we deduce that there exists a Lie bracket on g* and the 
pair ((g, (0, 1)), (g*, — #p(0, 1)) is a generalized Lie bialgebra. Moreover, we have that 
#p(0, 1) = (Xo, 0) (see (0) and (^). \gED\ 

Remark 6.4 i) Note that this method of finding generalized Lie bialgebras is related 
to find algebraic Jacobi structures. 



a) Using ( p.3|) , (|2.4|) and ( ^.1|) , it follows that the Lie bracket [, ]* on g* is given by 



[(a. A), (/5,/i)]* = {coad#^^a)P - coad#^(^0)a - ixoia A P) 
—ficoadx^a + Xcoadx^P, — r(a,/?)), 

for (a. A), (/?,/i) G g*, where coad : t) x ()* — > t)* is the coadjoint representation of () 
over [)* defined by {coadxa){Y) = -a[X, Y], for X, F G f) and a G fj*. 



Corollary 6.5 Let (t), [, ],,) be a Lie algebra and Z{i)) the center ofi). If r G A^i), Xq G 
Z(f)) and 

[r, r]^-2XoAr = 0, 
^/ien the pair {{i),0), (()*, — Xq)) is a generalized Lie bialgebra. 
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Proof: Using Proposition |6]^, we have that ((g = () x M, (0, 1)), (g* = f}* x 



-Xo,0))) 



is a generahzed Lie bialgebra. Furthermore, from (|6.6| ) and since Xq G 2(f)), we deduce 
that the Lie bracket on g* is given by 



[(a. A), {p, /i)]* = (coad#^(a)/5 - coa(i#^(/3)a - ^^^(a A p), -r(a, /?)), 



(6.7) 



for (a. A), (/5, /i) G g*. Then f) and ()* are Lie algebras, where the Lie bracket on [)* is 
defined by 

[a,P]i,* = coad#^(^a)P - coad#^(^p)a - ix^{a A P), (6.8) 



for a, pel)*. Moreover, using (gj), (IJ), (gj) and the fact that ((g, (0, 1)), (g*, (-Xq, 0))) 
is a generahzed Lie bialgebra, we conclude that ((f), 0), ([)*, — Xq)) is a generalized Lie 
bialgebra. \qed\ 

Remark 6.6 From ( |6.8| ) and Corollary |6.5| , we deduce a well-known result (see |^): if 
((},[,],,) is a Lie algebra, r G A^f) is a solution of the classical Yang-Baxter equation (that 
is, [r, r](, = 0) and on fj* we consider the bracket defined by 

= coad^^(a)P — coad^^(^fj)a, for G I)*, 

then the pair ([), ()*) is a Lie bialgebra. 



Examples 6.7 i) Let (f), [, ],,) be the Lie algebra of the Heisenberg group .^(l,!). 
Then, t) =< {61,62,63} > and 

[61, 62] I, = 63, 63 G 2:(t)). 

If we take r = 61 A 62 and Xq = —63, we have that [r, r],, — 2Xo A r = and thus, 
using Corollary |6.5|, we conclude that ((f), 0), (f)*,63)) is a generalized Lie bialgebra. 
Note that r and Xq induce the canonical left-invariant contact structure of H{1, 1). 

u) Denote by f) = su(2) = {A E gl{2,C)/A'^ = -A,traceA = 0} the Lie algebra of the 
special unitary group SU{2) and by ai,a2 and (T3 the Pauli matrices 






0"! = . „ cr2 = \ , „ ^3 



Then, the matrices {61 = |c'"i,62 = fo"2,e3 = ^(Js} form a basis of t) = su(2) and if 
[ , ](, is the Lie bracket on f), we have that 

[61, 62],, = -63, [61,63],, = 62, [62,63],, = -61. 

Since r = 61 A62 and Xq = 63 satisfy the equations (|6l^), ((su(2) x R, (0, 1)), (su(2)* x 
R, (— Xo;0))) is a generalized Lie bialgebra. Note that if [, ] is the Lie bracket on 
su(2) X M then, from (|0| ), it follows that (su(2) x R, [ , ]) is just the Lie algebra of the 
unitary group U{2). Moreover, r and Xq induce a left-invariant contact structure 
on SU{2). 
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in) Let (7/(2, M) be the general linear group and t) = gl{2,M.) its Lie algebra. A basis of 
t) is given by the following matrices 

--(II) --(!o) -^(o-i) 

If [ , is the Lie bracket on f), we have that 

[61,62],, = 63, [ei,e3][, = -2ei, [62, 63]^ = 2e2, 64 G 
Therefore, if r = ei A 63 + (ei — ^63) A 64 and Xq = "64, we deduce that 

[r,r]^ - 2X0 A r = 0. 

Consequently, ((t),0), ([)*, — Xq)) is a generalized Lie bialgebra (see Corollary |6.5|). 
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